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\^ . Abstract. The free energy of a lattice model, which is a generalization of the 

Heisenberg XY Z model with the higher spin representation of the Sklyanin alge- 
bra, is calculated by the generalized Bethe Ansatz of Takhtajan and Faddeev. 
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O ■ §0. Introduction. 

The XYZ model, a quantum chain system with Hamiltonian 
(N 
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was first solved by Baxter in early 70 's by means of the Bethe Ansatz. This work 
was interpreted from the view point of the quantum spectral transformation method 
(QSTM) by Takhtajan and Faddeev in 1979 [TF]. Their starting point is the fun- 
rS I damental relation of the L operators 



(0.1) R^^iX - ^)L13(A)l23(^) = L23(^)Li3(A)i?i2(_x - ^), 

where 
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(0.2) L(A) = 5^M^f(A)a'^®a«, 

a=0 

Ouiv) Sioifl) Oooir]) Ooi{r]) 

cr"'s are Pauli matrices, 9ab{X) = 9ab{X; r) (we follow the notations of [M] for the 
theta functions) , and the R matrix is the Baxter's R matrix defined by 
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Sklyanin found the algebraic structure underlying the above relation, replacing the 
L operator by 
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L(A) = 5]W^i'(A)a"®^^ 

a=0 

and writing down the relations among S'^'s equivalent to (0.1) [Ski]. The algebra 
Q generated by 5""s is called the Sklyanin algebra. He also constructed series 
of representations in [Sk2], among which we use the spin / representation pi : 
Q ^End(Vz), dirnV; =21 + 1. The algebra Q is a deformation of the universal 
enveloping algebra t/(s/(2,C)), and pi is corresponding deformation of the spin / 
representation of s/(2, C). 

As the solvability of the XYZ (or 8 vertex) model comes from the fundamental 
relation (0.1), it is natural to consider the generalization of this model by using the 
above representations of the Sklyanin algebra, and calculate its free energy. 

§1. Description of the model. Now we construct a generalization of the XYZ 
model by replacing the L operators of the form (0.2) with 

Lr.{X)=J2WaH^)cr''®P^\Sn, 
(1.1) a=0 

pS"^(5") = 1®---®1® piiS") ®1®---1, 

n— th component 

which act on the space C^ ® V^ . The transition matrix of the higher spin gener- 
alization of the 8 vertex model is defined by: 

T(A)=L^(A)---L2(A)Li(A). 

The transition matrix of the corresponding chain model is 

t(A)=trc2T(A), 

which acts on the space Vi . The free energy of the model under consideration 
is, by definition, the Perron-Frobenius eigenvalue of the transfer matrix t(A), A^v, 
or its thermodynamic limit, 

/ = lim — IuAat. 

N^oo N 

Similarly to the choice of [TF], we assume that the elliptic modulus r is of the form 
T = i/t, where t > and the parameters ?7, A belong to the domain < \ + r] < 
max(?7, 2/?]) < ^ (antiferromagnetic region). 

In the previous paper [Take], the author showed that the generalized Bethe 
Ansatz of Takhtajan and Faddeev is applicable to this model. According to this 
result, ii M = Nl parameters, Ai, . . . Am, satisfy the Bethe equation, 

/ ^n(A,-2/r7) \^_ ^ e,,{\, - \, - 2^) 
^ • ^ ^^n(A, +2/7?); ^Jl^^. ^n(Afc - A, + 27?) ' 

for j = 1, . . . , M, then the transfer matrix t(A) has an eigenvalue 
(1.3) 

(2»n(A - 2lr,r f[ '"i''/" + '"' + (2»n(A + 21,))- f[ '"i\V\"' f "' ' 



§2. Thermodynamic limit. Now we take the thermodynamic Umit A^ -^ oo. 
From the results of the XXX and XXY models [Takh], [B] and [S], we assume 
that the following string hypothesis holds also for this model: assymptotically as 
N ^ oo, the solutions of the Bethe equation (1.2) corresponding to the ground 
state cluster in complexes, so called 2/-strings: 

{Afc + 2a?7| a = -/ + i,...,/ + ^}k=i,... ,n/2 

(assuming that A^ is even), and centres of these strings A^ distribute in a purely 
imaginary interval {ix\ — l/2t < x < l/2t} and have a smooth density p{X')dX' as 
AT^oo (A' = A/r). 

Under these hypotheses, the Bethe Ansatz equation (1.2) reduces to an integral 
equation 

21-1 

(2.1) 5^vl>(A,(2a + l)r7) = 

a=0 

/1/2 21-1 21-1 

( 5^ vi/(A - ^, 2/3?7) + 5^ vi/(A - ^, 2(/3 + l)v))p{fi') dp', 
■1/2 /3=i i3=o 

where A' — A/r, //' = fx/r and 

"^'■•''> i<iA'°»„((A + ,,)/r;-l/r)' 
We can solve this equation, expanding p{X') into Fourier series, and obtain 

(2.2) p(x') = y — -. 

^ ' '^^ ^ ^^ 2 COS 2nnri' 

nei. ' 

Using this density of the solutions of the Bethe equation, we can take the limit of 

the eigenvalue (1.3) and obtain the free energy of the model / = limTv^oo InA^/N 

as 

(2.3) e^ oc ^n(A + 2/,^)e2"*(^-'')(2/r,-i) ^ 

^2^ sinh27rnt(2/?7 — i) sinh27r?it(A — 77) 
X exp 2^ — 



nsinhyrnt cosh27rnt?7 

n=l ' 



eii{X + 2lr])q- 



-{X-^)(2lr,-h ^i>^lVM_ 



a{-X;riJ\q) 
where q — exp(— 27rt) and 

., ,| ,fr rq{X + 47]k + 2{l + 1)77) r,(A + 47]k - 2l7] + 1) 
''^' l}^T,{X + 4r]k + 2lr])T,{X + 4r]k-2{l-l)r] + l)' 

r,{x) = 7%^(1 - Q)^-^ (a; q)^=f[{l- aq^). 

This result is consistent with that of [TF] which corresponds to the case I = \- 

Details and the further results concerning the thermodynamic properties and the 
excited states of this model will be published in the forthcoming paper. 
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